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Abstract
In this paper, we prove Krasnoselskii and Mann’s type convergence theorems for nonexpansive
semigroups without using Bochner integral and without assuming the strict convexity of Banach
spaces. One of our main results is the following: let C be a compact convex subset of a Banach
space E and let {T (t): t  0} be a one-parameter strongly continuous semigroup of nonexpansive
mappings on C. Let {tn} be a sequence in [0,∞) satisfying
lim inf
n→∞ tn < lim supn→∞
tn and lim
n→∞(tn+1 − tn) = 0.
Let λ ∈ (0,1). Define a sequence {xn} in C by x1 ∈ C and
xn+1 = λT (tn)xn + (1 − λ)xn
for n ∈ N. Then {xn} converges strongly to a common fixed point of {T (t): t  0}.
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Let C be a closed convex subset of a Banach space E. A mapping T on C is called a
nonexpansive mapping if ‖T x − Ty‖ ‖x − y‖ for all x, y ∈ C. We denote by F(T ) the
set of fixed points of T . If C is compact, then Schauder’s fixed point theorem [21] yields
that F(T ) is nonempty. See also [2,4,5,12,15] and others.
A family of mappings {T (t): t  0} is called a one-parameter strongly continuous semi-
group of nonexpansive mappings (nonexpansive semigroup, for short) on C if the following
are satisfied:
(sg 1) for each t  0, T (t) is a nonexpansive mapping on C;
(sg 2) T (s + t) = T (s) ◦ T (t) for all s, t  0;
(sg 3) for each x ∈ C, the mapping t → T (t)x from [0,∞) into C is strongly continuous.
We denote by F(T ) the set of common fixed points of {T (t): t  0}, that is,
F(T ) =
⋂
t0
F
(
T (t)
)
.
We know that if C is compact, then F(T ) is nonempty; see [8]. See also [3,5,7,17] and
others.
The following Browder’s type convergence theorem [6] for nonexpansive semigroups
is a corollary of [22, Theorem 8].
Theorem 1 (Shioji and Takahashi [22]). Let C be a bounded closed convex subset of a
Hilbert space E. Let {T (t): t  0} be a one-parameter strongly continuous semigroup
of nonexpansive mappings on C. Let {αn} and {tn} be sequences in (0,1) and (0,∞),
respectively, satisfying limn αn = 0 and limn tn = ∞. Fix u ∈ C and define a sequence
{un} in C by
un = (1 − αn) 1
tn
tn∫
0
T (s)un ds + αnu
for n ∈ N. Then {un} converges strongly to the element of F(T ) nearest to u.
Krasnoselskii and Mann’s type convergence theorems for nonexpansive mappings and
families of nonexpansive mappings have been studied; see [1,9,10,13,14,18,20,23,25,26]
and others. Very recently, the author and Takahashi in [31] proved the following Krasnosel-
skii and Mann’s type convergence theorem for nonexpansive semigroups.
Theorem 2 [31]. Let C be a compact convex subset of a Banach space E and let {T (t):
t  0} be a one-parameter strongly continuous semigroup of nonexpansive mappings on C.
Define a sequence {xn} in C by x1 ∈ C and
xn+1 = αn
tn∫
T (s)xn ds + (1 − αn)xntn
0
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satisfy 0 < lim infn αn  lim supn αn < 1, limn tn = ∞, and limn tn+1/tn = 1. Then {xn}
converges strongly to a common fixed point of {T (t): t  0}.
We remark that we use the notion of Bochner integral in Theorems 1 and 2. On the other
hand, the author proved the following Browder’s type convergence theorem for nonexpan-
sive semigroups without using Bochner integral. See also [28].
Theorem 3 [24,27]. Let C be a bounded closed convex subset of a Hilbert space E. Let
{T (t): t  0} be a one-parameter strongly continuous semigroup of nonexpansive map-
pings on C. Let τ be a nonnegative real number. Let {αn} and {tn} be sequences of real num-
bers satisfying 0 < αn < 1, 0 < τ + tn and tn = 0 for n ∈ N, and limn tn = limn αn/tn = 0.
Fix u ∈ C and define a sequence {un} in C by
un = (1 − αn)T (τ + tn)un + αnu
for n ∈ N. Then {un} converges strongly to the element of F(T ) nearest to u.
In this paper, as motivated by above, we shall prove Krasnoselskii and Mann’s type
convergence theorems for nonexpansive semigroups without using Bochner integral and
without assuming the strict convexity of the Banach space.
2. Preliminaries
Throughout this paper, we denote by N, Z, Q and R the set of all positive integers,
all integers, all rational numbers, and all real numbers, respectively. For a real number t ,
we denote by [t] the maximum integer not exceeding t . It is obvious that for positive real
numbers p and q ,
0 p − [p/q] q < q
holds. For k,  ∈ Z, we put
Z(k, ) = {j ∈ Z: k  j  }.
In our discussion, we need the following lemma concerning real numbers.
Lemma 1. Let {tn} be a real sequence and let τ be a real number satisfying lim infn tn 
τ  lim supn tn. Suppose that either of the following holds:
(i) lim supn(tn+1 − tn) 0; or
(ii) lim infn(tn+1 − tn) 0.
Then τ is a cluster point of {tn}. Moreover, for ε > 0 and k,m ∈ N, there exists m0  m
such that |tj − τ | < ε for j ∈ N with m0  j m0 + k.
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τ ∈ R with lim infn tn  τ  lim supn tn in the case of lim supn(tn+1 − tn) < 0, and similarly
for (ii).
Proof. We only prove it in the case of (i) because we can similarly prove it in the case
of (ii). If {tn} converges, then the conclusion clearly holds. So we assume {tn} does not
converge, i.e., lim infn tn < lim supn tn. We fix ε > 0 and k,m ∈ N. We next fix t ∈ R with
|t − τ | < ε/2 and lim infn tn < t < lim supn tn. Then there exists δ ∈ R with 0 < δ < ε/2,
and
lim inf
n→∞ tn < t − δ < t < t + δ < lim supn→∞ tn.
By the assumption, we can choose n1 ∈ N such that n1 > m and tn+1 − tn < δ/k for all
n n1. We also choose n2, n3 ∈ N such that n3 > n2 > n1,
tn2 < t − δ < t < t + δ < tn3 .
We put
m0 = max{n: n < n3, tn  t − δ} + 1 > n2 > n1.
Then since tm0−1  t − δ, we have for j ∈ Z(m0,m0 + k),
tj = tm0−1 +
j∑
=m0
(t − t−1) < tm0−1 +
j∑
=m0
δ
k
 tm0−1 + δ
k + 1
k
 t − δ + 2δ = t + δ
and hence j < n3. So, by the definition of m0, we also have t − δ < tj . Therefore
tj ∈ (t − δ, t + δ) ⊂ (t − ε/2, t + ε/2)
for j ∈ Z(m0,m0 + k). So we obtain
|tj − τ | |tj − t | + |t − τ | < ε2 +
ε
2
= ε
for j ∈ Z(m0,m0 + k). This completes the proof. 
3. Krasnoselskii–Mann’s sequences
In this section, we discuss Krasnoselskii and Mann’s type sequences. Let {zn} and {wn}
be two sequences in a Banach space E satisfying
zn+1 = αnwn + (1 − αn)zn
for all n ∈ N, where {αn} is a sequence in [0,1]. We call such sequences {zn} and {wn}
Krasnoselskii and Mann’s type sequences; see [16,19]. Note that Goebel and Kirk’s result
in [11] is one of the most useful results concerning such sequences under the assumption
of ‖wn+1 − wn‖ ‖zn+1 − zn‖. We shall consider such sequences under the generalized
assumption of lim supn(‖wn+1 − wn‖ − ‖zn+1 − zn‖)  0. The following useful lemma
proved in [26] is the generalization of [23, Lemma 2] and [25, Lemma 6].
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{αn} be a sequence in [0,1] with 0 < lim infn αn  lim supn αn < 1. Suppose that zn+1 =
αnwn + (1 − αn)zn for all n ∈ N and
lim sup
n→∞
(‖wn+1 − wn‖ − ‖zn+1 − zn‖) 0.
Then limn ‖wn − zn‖ = 0.
Using Lemma 2, we obtain the following.
Lemma 3. Let {Tn} be a sequence of nonexpansive mappings on a convex subset C of a
Banach space E. Define a sequence {xn} in C by x1 ∈ C and
xn+1 = αnTnxn + (1 − αn)xn
for n ∈ N, where {αn} is a sequence in [0,1] with 0 < lim infn αn  lim supn αn < 1. Sup-
pose that {xn} is bounded (or equivalently {Tnxn} is bounded), and that either
lim
n→∞‖Tn+1xn − Tnxn‖ = 0 or limn→∞‖Tn+1xn+1 − Tnxn+1‖ = 0
holds. Then limn ‖Tnxn − xn‖ = 0.
Proof. Put M = supn ‖xn‖ < ∞, and a = lim infn αn/2 > 0. Then there exists n1 ∈ N such
that 0 < a < αn for all n n1. For n n1, we have
‖Tnxn‖ = 1
αn
∥∥xn+1 − (1 − αn)xn∥∥ 1
αn
‖xn+1‖ + 1 − αn
αn
‖xn‖ 2
a
M.
Hence, {Tnxn} is also bounded. In the case limn ‖Tn+1xn − Tnxn‖ = 0, we have
lim sup
n→∞
(‖Tn+1xn+1 − Tnxn‖ − ‖xn+1 − xn‖)
 lim sup
n→∞
(‖Tn+1xn+1 − Tn+1xn‖ + ‖Tn+1xn − Tnxn‖ − ‖xn+1 − xn‖)
 lim sup
n→∞
(‖xn+1 − xn‖ + ‖Tn+1xn − Tnxn‖ − ‖xn+1 − xn‖)
= lim sup
n→∞
‖Tn+1xn − Tnxn‖ = 0.
Similarly, in the case limn ‖Tn+1xn+1 − Tnxn+1‖ = 0, we have
lim sup
n→∞
(‖Tn+1xn+1 − Tnxn‖ − ‖xn+1 − xn‖)
 lim sup
n→∞
(‖Tn+1xn+1 − Tnxn+1‖ + ‖Tnxn+1 − Tnxn‖ − ‖xn+1 − xn‖)
 lim sup
n→∞
(‖Tn+1xn+1 − Tnxn+1‖ + ‖xn+1 − xn‖ − ‖xn+1 − xn‖)
= lim sup
n→∞
‖Tn+1xn+1 − Tnxn+1‖ = 0.
So, by Lemma 2, we obtain
lim
n→∞‖Tnxn − xn‖ = 0
in both cases. This completes the proof. 
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already shown that {Tnxn} is bounded when {xn} is bounded. Conversely, we assume
{Tnxn} is bounded. Put M ′ = supn ‖Tnxn‖ + ‖x1‖ < ∞. We shall prove ‖xn‖ M ′ for
all n ∈ N by induction. It is obvious that ‖x1‖M ′. We assume ‖xn‖M ′. Then we have
‖xn+1‖ αn‖Tnxn‖ + (1 − αn)‖xn‖ αnM ′ + (1 − αn)M ′ = M ′.
So, by induction, we have ‖xn‖M ′ and hence {xn} is bounded.
As a direct consequence of Lemma 3, we obtain the following, which is useful in Sec-
tions 4 and 5.
Lemma 4. Let {Tn} be a sequence of nonexpansive mappings on a convex subset C of a
Banach space E. Define a sequence {xn} in C by x1 ∈ C and
xn+1 = αnTnxn + (1 − αn)xn
for n ∈ N, where {αn} is a sequence in [0,1] with 0 < lim infn αn  lim supn αn < 1. Sup-
pose that {xn} is bounded (or equivalently {Tnxn} is bounded), and that
lim
n→∞ supx∈C
‖Tn+1x − Tnx‖ = 0.
Then limn ‖Tnxn − xn‖ = 0.
4. A convergence theorem
In this section, we prove our main result.
Theorem 4. Let C be a compact convex subset of a Banach space E and let {T (t): t  0}
be a one-parameter strongly continuous semigroup of nonexpansive mappings on C. Let
{tn} be a sequence in [0,∞) satisfying
lim inf
n→∞ tn < lim supn→∞
tn and lim
n→∞(tn+1 − tn) = 0.
Let λ ∈ (0,1). Define a sequence {xn} in C by x1 ∈ C and
xn+1 = λT (tn)xn + (1 − λ)xn
for n ∈ N. Then {xn} converges strongly to a common fixed point of {T (t): t  0}.
Proof. We first show
lim
n→∞ supx∈C
∥∥T (tn+1)x − T (tn)x∥∥= 0. (1)
We assume that (1) does not hold. Then there exist a subsequence {tnk } of {tn}, a sequence
{yk} in C and η > 0 such that∥ ∥∥T (tnk+1)yk − T (tnk )yk∥ η
T. Suzuki / J. Math. Anal. Appl. 305 (2005) 227–239 233for all k ∈ N. Since C is compact, there exists a subsequence of {yk} which converges
strongly. Without loss of generality, we may assume that {yk} itself converges strongly to
some point w ∈ C. We have
0 < η lim sup
k→∞
∥∥T (tnk+1)yk − T (tnk )yk∥∥
 lim sup
k→∞
∥∥T (|tnk+1 − tnk |)yk − T (0)yk∥∥
 lim sup
k→∞
(∥∥T (|tnk+1 − tnk |)yk − T (|tnk+1 − tnk |)w∥∥
+ ∥∥T (|tnk+1 − tnk |)w − T (0)w∥∥+ ∥∥T (0)w − T (0)yk∥∥)
 lim sup
k→∞
(
2‖yk − w‖ +
∥∥T (|tnk+1 − tnk |)w − T (0)w∥∥)
= 0.
This is a contradiction. Therefore (1) holds. So, by Lemma 4, we obtain
lim
n→∞
∥∥T (tn)xn − xn∥∥= 0. (2)
From this, we have
lim sup
n→∞
∥∥T (0)xn − xn∥∥ lim sup
n→∞
(∥∥T (0)xn − T (0 + tn)xn∥∥+ ∥∥T (tn)xn − xn∥∥)
= lim sup
n→∞
(∥∥T (0)xn − T (0) ◦ T (tn)xn∥∥+ ∥∥T (tn)xn − xn∥∥)
 lim sup
n→∞
2
∥∥T (tn)xn − xn∥∥= 0.
We next fix τ, δ ∈ R with
lim inf
n→∞ tn < τ < τ + δ < lim supn→∞ tn.
We shall choose a subsequence {ni} of {n} satisfying
lim
i→∞
‖T (tni )xni − xni‖
tni − τ
= lim
i→∞
∥∥T (tni )xni − xni∥∥= 0, lim
i→∞ tni = τ
and τ < tni for all i ∈ N. From (2), there exists m1 ∈ N such that ‖T (tn)xn − xn‖ < 1/32
for all n m1. By Lemma 1, we note that τ + δ/2 is a cluster point of {tn}. Hence there
exists n1 > m1 such that τ + δ/3 < tn1 < τ + δ. From (2) again, there exists m2 > n1 such
that ‖T (tn)xn − xn‖ < 1/42 for all n  m2. By Lemma 1 again, we note that τ + δ/3 is
a cluster point of {tn}. Hence there exists n2 > m2 such that τ + δ/4 < tn2 < τ + δ/2.
Continuing this argument, we can define a subsequence {ni} of {n} satisfying
∥∥T (tni )xni − xni∥∥< 1(i + 2)2 and τ +
δ
i + 2 < tni < τ +
δ
i
for all i ∈ N. Then it is obvious that τ < tni for all i ∈ N, limi tni = τ , and limi ‖T (tni )xni −
xni‖ = 0. We also have
‖T (tni )xni − xni‖ 1/(i + 2)2 1lim sup
i→∞ tni − τ
 lim sup
i→∞ δ/(i + 2) = limi→∞ δ(i + 2) = 0.
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strongly to some z ∈ C. We put yj = xnij ∈ C and sj = tnij ∈ [0,∞) for j ∈ N. We have
lim sup
j→∞
∥∥yj − T (τ)z∥∥
 lim sup
j→∞
(∥∥yj − T (sj )yj∥∥+ ∥∥T (sj )yj − T (sj )z∥∥+ ∥∥T (sj )z − T (τ)z∥∥)
 lim
j→∞
(∥∥yj − T (sj )yj∥∥+ ‖yj − z‖ + ∥∥T (sj − τ)z − T (0)z∥∥)
= 0
and hence {yj } converges to T (τ)z. This implies T (τ)z = z. We also have
T (0)z = T (0) ◦ T (τ)z = T (0 + τ)z = T (τ)z = z.
Fix t > 0. Then for j ∈ N with sj − τ < t , we have∥∥yj − T (t)z∥∥= ∥∥yj − T (t) ◦ T (τ)[t/(sj−τ)]z∥∥= ∥∥yj − T ([t/(sj − τ)]τ + t)z∥∥

∥∥yj − T (0)yj∥∥+
[t/(sj−τ)]−1∑
k=0
∥∥T ((k + 1)sj )yj − T (ksj )yj∥∥
+ ∥∥T ([t/(sj − τ)]sj )yj − T ([t/(sj − τ)]sj )z∥∥
+ ∥∥T ([t/(sj − τ)]sj )z − T ([t/(sj − τ)]τ + t)z∥∥

∥∥yj − T (0)yj∥∥+ [t/(sj − τ)]∥∥T (sj )yj − yj∥∥
+ ‖yj − z‖ +
∥∥T (t − [t/(sj − τ)](sj − τ))z − T (0)z∥∥

∥∥yj − T (0)yj∥∥+ t ‖T (sj )yj − yj‖
sj − τ
+ ‖yj − z‖ + max
{∥∥T (s)z − T (0)z∥∥: 0 s  sj − τ}
and hence limj ‖yj − T (t)z‖ = 0. This implies T (t)z = z. Therefore z is a common fixed
point of {T (t): t  0}. Since z is a cluster point of {xn}, we have lim infn ‖xn − z‖ = 0.
Since
‖xn+1 − z‖ λ
∥∥T (tn)xn − z∥∥+ (1 − λ)‖xn − z‖
= λ∥∥T (tn)xn − T (tn)z∥∥+ (1 − λ)‖xn − z‖
 λ‖xn − z‖ + (1 − λ)‖xn − z‖
= ‖xn − z‖
for all n ∈ N, we obtain limn ‖xn − z‖ = 0. This completes the proof. 
5. Another convergence theorem
In this section, we give another convergence theorem.
The following is proved in [29]. See also the proof in [30].
T. Suzuki / J. Math. Anal. Appl. 305 (2005) 227–239 235Theorem 5 [29]. Let {T (t): t  0} be a one-parameter strongly continuous semigroup of
nonexpansive mappings on a closed convex subset C of a Banach space E. Let σ and τ be
positive real numbers satisfying σ/τ /∈ Q. Then⋂
t0
F
(
T (t)
)= F (T (σ ))∩ F (T (τ))
holds.
The author proved in [26] convergence theorems for infinite families of nonexpansive
mappings without assuming the strict convexity. The following is a corollary of the main
result in [26]. We now give an alternate direct proof using an argument similar to that of
Theorem 4.
Theorem 6 [26]. Let C be a compact convex subset of a Banach space E. Let S and T be
nonexpansive mappings on C with ST = T S. Let λ ∈ (0,1), and let {αn} be a sequence in
[0,1] satisfying
lim inf
n→∞ αn = 0, lim supn→∞ αn > 0, and limn→∞(αn+1 − αn) = 0.
Define a sequence {xn} in C by x1 ∈ C and
xn+1 = (1 − αn)λSxn + αnλT xn + (1 − λ)xn
for n ∈ N. Then {xn} converges strongly to a common fixed point of S and T .
Proof. We put M = supx∈C ‖x‖. Then we have
lim sup
n→∞
sup
x∈C
∥∥((1 − αn+1)Sx + αn+1T x)− ((1 − αn)Sx + αnT x)∥∥
 lim sup
n→∞
sup
x∈C
(∥∥(1 − αn+1)Sx − (1 − αn)Sx∥∥+ ∥∥αn+1T x − αnT x∥∥)
= lim sup
n→∞
sup
x∈C
(|αn+1 − αn|‖Sx‖ + |αn+1 − αn|‖T x‖)
= lim
n→∞ 2|αn+1 − αn|M = 0.
Since x → (1−α)Sx +αT x is a nonexpansive mapping on C for each α ∈ [0,1], we have
lim
n→∞
∥∥(1 − αn)Sxn + αnT xn − xn∥∥= 0 (3)
by Lemma 4. We next fix a ∈ R with
lim inf
n→∞ αn = 0 < 0 + a < lim supn→∞ αn.
We shall choose a subsequence {ni} of {n} satisfying
lim
i→∞
‖(1 − αni )Sxni + αni T xni − xni‖
αni∥ ∥= lim
i→∞
∥(1 − αni )Sxni + αni T xni − xni∥= 0,
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‖(1 − αn)Sxn + αnT xn − xn‖ < 1/32 for all n  m1. By Lemma 1, we note that a/2
is a cluster point of {αn}. Hence there exists n1 > m1 such that a/3 < αn1 < a. From (3)
again, there exists m2 > n1 such that ‖(1 − αn)Sxn + αnT xn − xn‖ < 1/42 for all nm2.
By Lemma 1 again, we note that a/3 is a cluster point of {αn}. Hence there exists n2 > m2
such that a/4 < αn2 < a/2. Continuing this argument, we can define a subsequence {ni}
of {n} satisfying
∥∥(1 − αni )Sxni + αni T xni − xni∥∥< 1(i + 2)2 and
a
i + 2 < αni <
a
i
for all i ∈ N. Then it is obvious that αni > 0 for all i ∈ N, limi αni = 0, and
limi ‖(1 − αni )Sxni + αni T xni − xni‖ = 0. We also have
lim sup
i→∞
‖(1 − αni )Sxni + αni T xni − xni‖
αni
 lim sup
i→∞
1/(i + 2)2
a/(i + 2) = limi→∞
1
a(i + 2) = 0.
Since C is compact, there exists a subsequence {xnij } of {xni } such that {xnij } converges
strongly to some z ∈ C. We put yj = xnij ∈ C and βj = αnij ∈ [0,1] for j ∈ N. We have
lim sup
j→∞
‖yj − Sz‖
 lim sup
j→∞
(∥∥yj − (1 − βj )Syj − βjT yj∥∥
+ ∥∥(1 − βj )Syj + βjT yj − (1 − βj )Sz − βjT z∥∥
+ ∥∥(1 − βj )Sz + βjT z − Sz∥∥)
 lim sup
j→∞
(∥∥yj − (1 − βj )Syj − βjT yj∥∥+ ‖yj − z‖ + βj‖T z − Sz‖)
 lim
j→∞
(∥∥yj − (1 − βj )Syj − βjT yj∥∥+ ‖yj − z‖ + 2βjM)
= 0
and hence {yj } converges to Sz. This implies Sz = z. So we obtain T z = T ◦ Sz = S ◦ T z.
We have
‖T z − yj‖

∥∥T z − (1 − βj )Syj − βjT yj∥∥+ ∥∥(1 − βj )Syj + βjT yj − yj∥∥
 (1 − βj )‖T z − Syj‖ + βj‖T z − Tyj‖ +
∥∥(1 − βj )Syj + βjT yj − yj∥∥
= (1 − βj )‖S ◦ T z − Syj‖ + βj‖T z − Tyj‖
+ ∥∥(1 − βj )Syj + βjT yj − yj∥∥ ∥ ∥ (1 − βj )‖T z − yj‖ + βj‖z − yj‖ + ∥(1 − βj )Syj + βjT yj − yj∥
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lim sup
j→∞
‖T z − yj‖ lim sup
j→∞
(
‖z − yj‖ + ‖(1 − βj )Syj + βjT yj − yj‖
βj
)
= 0.
This implies {yj } converges to T z. So we obtain T z = z. Therefore z is a common fixed
point of S and T . Since z is a cluster point of {xn}, we have lim infn ‖xn − z‖ = 0. Since
‖xn+1 − z‖ λ(1 − αn)‖Sxn − z‖ + λαn‖T xn − z‖ + (1 − λ)‖xn − z‖
= λ(1 − αn)‖Sxn − Sz‖ + λαn‖T xn − T z‖ + (1 − λ)‖xn − z‖
 λ(1 − αn)‖xn − z‖ + λαn‖xn − z‖ + (1 − λ)‖xn − z‖
= ‖xn − z‖
for all n ∈ N, we obtain limn ‖xn − z‖ = 0. This completes the proof. 
By Theorems 5 and 6, we obtain the following.
Theorem 7. Let C be a compact convex subset of a Banach space E and let {T (t): t  0}
be a one-parameter strongly continuous semigroup of nonexpansive mappings on C. Let
σ and τ be positive real numbers satisfying σ/τ /∈ Q. Let λ ∈ (0,1), and let {αn} be a
sequence in [0,1] satisfying
lim inf
n→∞ αn = 0, lim supn→∞ αn > 0, and limn→∞(αn+1 − αn) = 0.
Define a sequence {xn} in C by x1 ∈ C and
xn+1 = (1 − αn)λT (σ )xn + αnλT (τ)xn + (1 − λ)xn
for n ∈ N. Then {xn} converges strongly to a common fixed point of {T (t): t  0}.
6. Krasnoselskii–Mann’s sequences, part 2
In this section, by using Lemma 1, we generalize [26, Lemma 1] which yields Lemma 2.
The following is essentially proved in [23].
Lemma 5 [23]. Let k ∈ N. Let a,α0, α1, . . . , αk−1 be real numbers such that a ∈ (0,1),
0 αj  1 − a for j ∈ Z(0, k − 1). Let z0, z1, . . . , zk , and w0,w1, . . . ,wk be elements of
a Banach space E such that zj+1 = αjwj + (1 − αj )zj for j ∈ Z(0, k − 1). Let ε and d
be real numbers such that ε > 0,
d − ε  ‖wj − zj‖ d + ε
for j ∈ Z(0, k), and
‖wj+1 − wj‖ − ‖zj+1 − zj‖ ε
for j ∈ Z(0, k − 1). Then
∣∣‖wk − z0‖ − (1 + α0 + α1 + · · · + αk−1)d∣∣ k(2k + 1)
ak
εholds.
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Lemma 6.
Lemma 6. Let {zn} and {wn} be sequences in a Banach space E and let {αn} be a sequence
in [0,1] with lim supn αn < 1. Let d be a real number with
lim inf
n→∞ ‖wn − zn‖ d  lim supn→∞ ‖wn − zn‖.
Suppose that zn+1 = αnwn + (1 − αn)zn for all n ∈ N, and
lim sup
n→∞
(‖wn+1 − wn‖ − ‖zn+1 − zn‖) 0.
Then
lim inf
n→∞
∣∣‖wn+k − zn‖ − (1 + αn + αn+1 + · · · + αn+k−1)d∣∣= 0
holds for all k ∈ N.
Proof. We fix k,  ∈ N and ε > 0. Put a = (1 − lim supn αn)/2 ∈ (0,1). Then there exists
m  such that a  1 − αn, ‖wn+1 − wn‖ − ‖zn+1 − zn‖ ε for all nm. We have
lim sup
n→∞
(‖wn+1 − zn+1‖ − ‖wn − zn‖)
 lim sup
n→∞
(‖wn+1 − wn‖ + ‖wn − zn+1‖ − ‖wn − zn‖)
= lim sup
n→∞
(‖wn+1 − wn‖ − ‖zn+1 − zn‖) 0.
So, by Lemma 1, there exists m0 m such that
d − ε < ‖wj − zj‖ < d + ε
for j ∈ Z(m0,m0 + k). Using Lemma 5, we obtain
∣∣‖wm0+k − zm0‖ − (1 + αm0 + αm0+1 + · · · + αm0+k−1)d∣∣ k(2k + 1)ak ε.
Since  ∈ N and ε > 0 are arbitrary, we obtain the desired result. 
Remark. From the proof, we remark lim supn(‖wn+1 −wn‖− ‖zn+1 − zn‖) 0 is equiv-
alent to lim supn(‖wn+1 − wn‖ − ‖zn+1 − zn‖) = 0.
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